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Introduction
The total energy (E) of a molecular system consists of the energy-components of kinetic energy ( T ) of electron and potential energy ( V ) in the Born-Oppenheimer approximation. The energy-component analysis [1] [2] [3] is one of the fascinating methods to elucidate what happens inside the system for chemical reactions and phenomenon. The first attempt along this strategy has been demonstrated 40 years ago by Ruedenberg et al. [4] . As a matter of fact, a number of papers have been published using this analysis; the nature of the Jahn-Teller effect [5, 6] and the Hund's rule [7, 8] .
This approach was, however, known to be confronted with a number of difficulties: the values of T and V depend much more sharply on the accuracy of wave function than that of the E, since energy component values are estimated as not "eigenvalues" but expectation values of wave function [9] . In the case of the conventional linear combination of atomic orbital (LCAO) molecular orbital (MO) scheme where only LCAO coefficients of Gaussian-type functions (GTFs) [9] [10] [11] [12] [13] basis sets are optimized, large basis sets and multiple polarization functions should be required to improve energy-component values [9] .
In the conventional MO method, most of the GTF exponents are already determined to be the best for the lowest electronic structure of each atom and are generally fixed during the variational procedure. Though most of these basis sets are suitable for improvement of total energy in molecular systems, of course, there is no guarantee for energy-components. Also, although some attempts for optimizing the exponents [14, 15] and centers [16] [17] [18] in GTFs to the molecular systems are performed using various basis sets, many cases of such studies are focused on the improvement of total energies in the sys-tems. To adopt the energy-component analysis for chemical reaction and phenomenon, the systematic recipe to seek the adequate basis sets for energy-components is indispensable.
We have proposed the fully variational molecular orbital (FVMO) method [19, 20] , which is based on the optimization of all parameters under the variational principle. This FVMO method is already extended to the full-configuration interaction (CI) wave function [21] , to improve the wave function of excited states or virtual orbitals. According to the FVMO scheme, the variational parameters such as the GTF exponents and centers are simultaneously optimized as well as the LCAO coefficients. It should be addressed that the quantum-mechanically Virial and Hellmann-Feynman theorems are always satisfied because of the optimization of the GTF exponents and centers, respectively. We note that these theorems are not always satisfied in the conventional MO method.
In this paper, we first discuss the efficiency and precision of total energy and energy-components, T and V , determined by the FVMO method in comparison with the results of the conventional MO method. We have applied the FVMO method to several molecules, to demonstrate the systematic improvement of the values of energy-components. The FVMO method should be expected as a very effective tool to estimate the energy component values for the first time in the current work.
Theory
The E obtained by the MO theory consists of the T and V under the adiabatic approximation. The energy-components closely relate to the quantum-mechanical theorems, such as the Virial and Hellmann-Feynman theorems which are not always satisfied in the conventional MO method.
The Virial theorem for a polyatomic system of
where R α is a nuclear coordinate, is always satisfied in the FVMO method due to the optimization of exponents in GTFs (scaling). Additionally, the Hellmann-Feynman theorem,
holds good due to the optimization of orbital centers (floating) where the wave function force of Pulay term completely vanishes. Inserting Eq. (2) into Eq. (1), we obtain the following equation,
Satisfaction of Eq. (3) closely relates to the accuracy for the values of T and V . To check both the Virial and Hellmann-Feynman theorems, we define the extended virial ratio as
When we completely perform the optimization of both GTF exponents and centers, (that is, scaling and floating) the extended virial ratio of Eq. (4) must be exactly kept at 2.
Results and Discussion

Dependence on various numbers of the conventional GTFs for energycomponents
We first discuss the H 2 as the simplest molecule. Several basis functions for the hydrogen atom were reported by the variational [22, 23] or numerical optimization [24] [25] [26] [27] , or by fitting to the Slater-type function [28] . First, we have adopted the Huzinaga's basis sets from [3s] to [10s] [24] , where all the GTF exponents were determined to be optimized for the hydrogen atom. Since the hydrogen atomic orbital shrinks by the kinetic balance when the hydrogen atom forms a chemical bonding, GTF exponents are multiplied by the square of a commonly used scale factor 1.2 [29, 30] . Table 1 summarizes the optimized geometries of the H 2 molecule with total energies, energy-components, and the Huzinaga's GTF exponent values from [3s] to [10s]. We fixed these GTFs on each nucleus according to the conventional MO procedure. Table 1 demonstrates that the total energy is really improved as the number of GTFs increases from the [3s] to [9s]. The total energy with [10s] is, however, a little higher than that with [9s], which might be due to the redundancy of the basis set. The absolute values of T and V are also found to be small, as the number of s-type GTFs increases. Table 1 also shows the extended virial ratio, which must be exactly kept at 2 if complete basis sets are used as shown in the above section. Though one might expect that the virial ratio comes closer to 2 as the number of GTFs increases, the deviation of the ratio from 2 is of the order of 10 -4 , in spite of employing the large numbers of basis sets of [10s]. These results clearly show that the values of energy-components are not always improved systematically when the numbers of s-type GTFs increase with the conventional procedure. As the adopted basis sets are increased from the minimal to the extended basis, the total energy actually decreases due to the effect of polarization basis functions. Concerning the energy-components, contrary to the case of using only s-type GTFs, the absolute values of T and V become large due to the polarization functions. In addition, the deviation of virial ratio from 2 with [6s3p2d1f] set becomes 4.164E-04, which really comes close to 2 rather than that with the [6s] basis set of 1.205E-03. These results indicate that polarization functions should be required to obtain the more accurate values of energycomponents within the scheme of the conventional MO method. The deviation of virial ratio from 2 is, however, greater than 1.E-05.
Improvement of energy-components by the FVMO method
Second, we have applied the FVMO method to the H 2 molecule. The optimized geometries, the total energies, energy-components, and extended virial ratios of H 2 molecule with [3s] ∼ [10s] GTFs are listed in Table  3 . The GTF exponents optimized by the FVMO method shrink in comparison with the initial exponent values (see Table 1 ), while the optimized centers shift to the chemical bond region. We have also found the tendency that the centers of delocalized GTFs largely move from each nucleus. The total energies obtained by the FVMO calculations are actually lower than the values of the conventional MO calculations in Table 1 . Increasing the number of s-type GTFs, the absolute values of T and V become large. This result is also obtained in the case of increasing the polarization functions (see Table 2 ). Optimizing the GTF exponents and centers simultaneously, the effect of polarization function is fully expected even though only s-type GTFs are used. Interestingly, the total energy of the [6s] GTFs with FVMO method is given as -1.1335197 hartree, which is really lower than that with [6s3p2d1f] set by the conventional MO method, -1.1335138 hartree in Table 2 . In addition, the results of the FVMO calculation with [6s] GTFs give the deviation value of extended virial ratio as -1.160E-06, which is much closer to 2 than that with the [6s3p2d1f] set in Table 2 , due to the simultaneous optimization of the GTF exponents and centers in the FVMO scheme.
We confirm that the FVMO method using only stype GTFs gives more highly accurate values of energycomponents than the conventional MO method adding further polarization functions.
FVMO calculation for several hydride molecular systems
We finally performed the FVMO calculations for several hydride molecular systems with the optimization of the geometry as well as the exponents and centers. Table 4 summarizes the total energies, energy-components, and extended virial ratios for LiH, BH 3 , CH 4 , NH 3 , H 2 O, and HF molecules, respectively. The [3s] GTFs for H atoms and the [6s3p] GTFs for other heavy atoms were employed. For comparison, the conventional MO results are also listed in Table 4 . In the conventional MO method, values of the virial ratios are found to deviate 10 -2 ∼ 10 -3 order from 2 in all the molecules. Using the FVMO method, the deviation of virial ratio is drastically improved; in particular, the deviation of the extended virial ratio is of the order of 10 -7 in the H 2 O molecule. For LiH, BH 3 , CH 4 , NH 3 , and HF molecules, the satisfactory extended virial ratios are also demonstrated as well as that of H 2 O. The total energies of FVMO calculation are lower than those of conventional MO because of the expansion of variational space. We confirm that the FVMO method should be the effective method to obtain the highly accurate energy-component values, and can be applied to the energy-component analysis for the polyatomic molecular systems.
Conclusions
We have demonstrated the systematic and drastic improvement of T and V by the FVMO method. Accurate values of T and V are important for the energycomponent analysis. In the FVMO method, the Virial and Hellmann-Feynman theorems, which provide the relationship between T and V , are always satisfied because the GTF exponents and centers are completely optimized as well as the LCAO coefficients, simultaneously.
In the case of the [6s] GTF basis set for H 2 molecule, we have confirmed that the total energy becomes lower than that of the conventional MO calculation with multiple polarized [6s3p2d1f] GTFs. The values of energycomponents were drastically improved due to the optimizations of the GTF exponents and centers in the FVMO calculations. We also performed the FVMO calculations for the several hydride molecular systems. The energy-component analysis using the FVMO method may provide a promising method to analyze chemical problems such as steric effects, conjugation, and aromaticity emerging in polyatomic molecules. [32, 33] using the GAUUSIAN 98 program [34] .
